Summary: For a variety over a local field, we show that the alternating sum of the trace of the composition of the actions of an element of the Weil group and an algebraic correspondence on the ℓ-adic etale cohomology is independent of ℓ. We prove the independence by establishing basic properties of weight spectral sequences [15] .
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Summary: For a variety over a local field, we show that the alternating sum of the trace of the composition of the actions of an element of the Weil group and an algebraic correspondence on the ℓ-adic etale cohomology is independent of ℓ. We prove the independence by establishing basic properties of weight spectral sequences [15] .
Let K be a complete discrete valuation field with finite residue field F of order q. We call such a field a local field. The geometric Frobenius F r F is the inverse of the map a → a q in the absolute Galois group G F = Gal(F /F ). The Weil group W K is defined as the inverse image of the subgroup F r F ⊂ G F by the canonical map G K = Gal(K/K) → G F . For a scheme X K of finite type over K, the ℓ-adic etale cohomology H r (XK , Q ℓ ) is a ℓ-adic representation of the absolute Galois group G K . For σ ∈ G K , the right action σ * on XK = X ⊗ KK induces the left action σ * = (σ * ) * on H r (XK , Q ℓ ).
Theorem 0.1 Let X K be a proper smooth scheme of dimension n over a local field K, σ ∈ W K be an element of the Weil group and Γ ∈ CH n (X K × K X K ) be an algebraic correspondence on X K . Then, for a prime ℓ different from the characteristic of F , the alternating sum
is in Z[1/q] and is independent of ℓ.
In the case Γ is the diagonal ∆, it is proved in [16] . If σ is in the wild ramification group P ⊂ W K , it is proved in [13] . If X K is an abelian variety, individual Tr(Γ * • σ * : H r (XK, Q ℓ )) is known to be independent of ℓ [7] . Special cases where Γ is coming from certain group action is proved in [16] and [21] .
Corollary 0.2 Assume further n = dim X K ≤ 2. Then, for 0 ≤ r ≤ 2n, the trace
As an application of Theorem 0.1, we prove some cases of the following conjecture. For σ ∈ W K , let n(σ) be the integer such that the image of σ by G K → G F is F r n(σ) F . Let I K ⊂ G K denote the inertia subgroup.
Conjecture 0.3 (cf. [19] C 4 and C 5 ) Let X K be a proper smooth scheme over a local field K, r ≥ 0 be an integer and ℓ be a prime number invertible in F .
1. For σ ∈ W K with n(σ) ≥ 0, the eigenpolynomial
is in Z[T ] and independent of ℓ.
The eigenpolynomial
is in Z[T ] and independent of ℓ. For an eigenvalue α of F r * on H r (XK , Q ℓ ) I K , there exists an integer 0 ≤ s ≤ r such that the complex absolute values of its conjugates are q s/2 .
If r ≤ 1, it is proved in [7] . If char K > 0, it is proved in [20] . As an application of Theorem 0.1, we prove the following.
Corollary 0.4 If dim X K ≤ 2, Conjecture 0.3 is true.
To state more results on Conjecture 0.3, we recall the monodromy filtration and the weight monodromy conjecture. Let t ℓ : I K → Z ℓ (1) be the canonical map sending σ ∈ I K to (σ(π 1/ℓ n )/π 1/ℓ n ) n ∈ Z ℓ (1) . By the monodromy theorem of Grothendieck [18] Appendix, there exist a nilpotent endomorphism N ∈ End(H r (XK , Q ℓ ))(−1) and an open subgroup J ⊂ I K such that, for σ ∈ J , the action of σ on H r (XK , Q ℓ ) is given by exp(t ℓ (σ)N). Let M • be the increasing filtration on H r (XK, Q ℓ ) characterized by the conditions (1) M s = H r (XK, Q ℓ ) and M −s−1 = 0 for a sufficiently large integer s. Conjecture 0.5 [3] Let X K be a proper smooth scheme over a local field K and let r ≥ 0 and s be integers. Then, for σ ∈ W K , the eigenvalues of σ * on Gr Conjecture 0.5 is proved if r ≤ 2, [15] Satz 2.13, or char K > 0, [4] , [12] [20] .
Corollary 0.6 Let r ≥ 0 be an integer. 1. Assume there exists an algebraic correspondence Γ r ∈ CH n (X K × X K ) Q such that Γ * r on H s (XK , Q ℓ ) is the identity if s = r and 0 if s = r. Then, Conjecture 0.3.1 is true. 2. Assume further that H r (XK, Q ℓ ) satisfies the weight monodromy conjecture, Conjecture 0.5. Then Conjecture 0.3.2 is true.
Theorem 0.1 is derived rather directly from the Lefschetz trace formula and basic properties of weight spectral sequences [15] for a semi-stable scheme over the integer ring using alteration [2] . In the first part of this paper, we establish the necessary basic properties, Corollaries 1.17, 1.20, 1.22, 1.24, Proposition 1.26 etc. of weight spectral sequences such as functoriality, compatibility with the product with algebraic cycles, the push-forward, the duality, algebraic correspondences etc. We derive them from a formal construction, Corollary 1.12, of the weight spectral sequences. It is known that the construction of the weight spectral sequence follows from an identification of the graded pieces of the monodromy filtration of the complex of nearby cycles as a perverse sheaf (cf. [10] 3.7). In [15] , the identification is obtained using a double complex construction. In this paper, we obtain the identification, Proposition 1.11, by computing the kernel and the image filtrations without using the double complex construction. It is deduced rather formally from the facts, Proposition 1.5, that the sheaves of nearby cycles are tame and that Rf ! Λ is a dualizing sheaf for a semi-stable scheme f : X → O K .
We expect that the same argument using the weight spectral sequence of Mokrane [14] shows the equality Tr(Γ * • σ * : H * (XK, Q ℓ )) = Tr(Γ * • σ * : D pst H * (XK, Q p )).
We plan to work this out in a forthcoming paper. The construction of the weight spectral sequence given in this paper grew out of inspiring discussions with Luc Illusie. He read carefully the first version and gave the author a long list of helpful and detailed comments. The author expresses sincere gratitude to him for the discussions, the comments and encouragement. A large part of this work was done during a stay of the author at Université de Paris-Sud in May and June 2001. He thanks the invitation and the hospitality. He also thanks K. Consani for discussions on weight spectral sequences.
1. Weight spectral sequence.
Monodromy filtrations.
Let C be an abelian category, A be an object of C and n ≥ 0 be an integer. Let F • be an increasing filtration on A satisfying F −1 A = 0 and F n A = A and G
• be a decreasing filtration on A satisfying G 0 A = A and
. From this, it is easy to deduce that the kernel of the surjection p−q=r
, the assertion follows.
Let N be a nilpotent endomorphism of A and n ≥ 0 be an integer satisfying N n+1 = 0. We define an increasing filtration F • by F p A = Ker(N p+1 : A → A) for p ≥ 0 and F p A = 0 and for p < 0 and a decreasing filtration G
• by G q A = Im(N q : A → A) for q > 0 and G q A = A for q ≤ 0. We call F • the kernel filtration and G • the image filtration. We have F 0 A = Ker(N : A → A) and G 1 A = Im(N : A → A). The kernel filtration is characterized as follows. Lemma 1.2 Let A be an object of an abelian category C, N be an endomorphism of A and n ≥ 0 be an integer. ( 
It is clear that the kernel filtration satisfies the conditions (1) and (2) . Since 
. Then M • is the unique increasing filtration on A satisfying the following properties (1)- (3) (1) M n A = A and
Proof. The uniqueness is well-known. We show that the filtration M • satisfies the conditions (1)-(3) above. The conditions (1) and (2) 
1.2 Nearby cycles on semi-stable schemes. Let K be a henselian discrete valuation field with residue field F . The spectrum of the integer ring O K will be denoted by S. We say a scheme X locally of finite presentation over S is strictly semi-stable if it is, Zariski locally on X, smooth over
for a prime element π of K and an integer m ≥ 0. If the residue field F is perfect, a scheme X locally of finite presentation over S = Spec O K is strictly semi-stable if and only if the following conditions (1)-(3) are satisfied.
(1) X is regular and flat over S.
(2) The generic fiber X K is smooth of relative dimension n.
The closed fiber X F is a divisor of X with simple normal crossings.
In the rest of the paper, X denotes a strictly semi-stable scheme over O K of relative dimension n and Y = X F denotes the closed fiber of X. LetK be a separable closure of K and K ur be the maximum unramified extension of K inK. LetF be the residue field of K ur . It is a separable closure of F . Let
For a prime number ℓ invertible in F , let t ℓ : I K → Z ℓ (1) be the canonical surjection defined by σ → (σ(π 1/ℓ n )/π 1/ℓ n ) n for a prime element π of K. Let S ur denote the spectrum of the integer ring O K ur . Let i : Y = X F → X, j : X K → X,ī : YF → X S ur andj : XK → X S ur be the canonical maps.
Let ℓ be a prime number invertible in O K and let Λ denote either of Z/ℓ m Z, Z ℓ and Q ℓ . For p ≥ 0, let R p ψΛ =ī * R pj * Λ denote the sheaf of nearby cycles. It is a sheaf on YF with an action of G K compatible with the action of the quotient G F = G K /I K on YF . Similarly RψΛ =ī * Rj * Λ is defined as an object of the derived category D + (YF , Λ) with an action of G K . We may also regard RψΛ as an object in
. In this subsection, we recall an explicit computation, Corollary 1.6 below, of the sheaves R p ψΛ (cf. [15] ). We deduce it from the following Proposition. 
We also identify a p * Λ = Λ p+1 a 0 * Λ. Let θ : Λ → i * R 1 j * Λ(1) be the map defined by the class [π] ∈ H 1 (K, Λ(1)) of the torsors of ℓ n -th roots a prime element π of K. It is independent of the choice of π. Let θ also denote the map i 
denote the map defined by the cup-product. We identify a sheaf on Y with its pull-back on YF with the G F -action.
is commutative and the vertical arrows are isomorphisms.
To deduce Corollary 1.6 from Proposition 1.5, we apply the following Lemma. Let K be a complex of Λ[I K ]-modules on YF representing RψΛ. Let P ℓ ⊂ I K be the kernel of the canonical map t ℓ : I K → Z ℓ (1) and put I ℓ = I K /P ℓ . Since taking the P ℓ -fixed part is an exact functor for Λ-modules, the inclusion K P ℓ → K of the P ℓ -fixed part is a quasi-isomorphism by Proposition 1.5.1. The P ℓ -fixed part K P ℓ is a complex of Λ[I ℓ ]-modules. Lemma 1.7 Let T be an element in the inertia I K such that t ℓ (T ) is a generator of
→ K] be the mapping fiber of the map T − 1 : K → K. Then,
be the map induced by be the map defined by the class
be the map defined by the map
of the double complexes where the first complex K in the upper line is put on degree 0. Then the isomorphism in 1 makes the diagram
commutative.
Proof of Lemma 1.7. 1. By the isomorphism RψΛ
. Since I ℓ is isomorphic to Z ℓ , the assertion follows. Proof of Corollary 1.6. 1. We may assume that the residue field is separably closed. By Proposition 1.5.1 and Lemma 1.7.1, we obtain an exact sequence 0 → R p ψΛ (1)) is identified with the class of t ℓ ∈ Hom(I K , Λ(1)) = H 1 (K, Λ(1)), we haveθ = ∂ ⊗ t ℓ (T ) as required. Thus we have proved the exact
The last exact sequence is deduced from the first one inductively.
2. The commutativity follows from the fact that the both compositions in the left square are the map θ : Λ → i * R 1 j * Λ(1). For the isomorphism, more precisely, we prove the following Lemma. For a subset I ⊂ {1, . . . , m} of cardinality p + 1, let i I : Y I → X denote the closed immersion. It is a regular immersion of codimension p + 1. For an integer p ≥ 0, the composition
. . , m} of cardinality p + 1, the isomorphism in Proposition 1.5.2, induces an isomorphism Ri
of isomorphisms. In the diagram, the right vertical is the boudary map. The bottom horizontal is the isomorphism defined in 2. The left vertical is the isomorphism defined in 1.
Proof. 1. Let i 0 : s = Spec F → S be the immersion of the closed point and let f I : Y I → s be the canonical map. Since the map f I is smooth of relative dimension [2] . Hence, applying Ri ! I to the isomorphism of Proposition 1.5.2, we obtain an isomorphism Ri
For the compatiblity with the fundamental class, it is sufficient to show the commutativity of the diagram
The vertical isomorphisms are induced by the adjoints of the trace maps and the horizontal isomorphisms are those defined by the maps sending 1 to the fundamental classes. Since the assertion is local, we may take a regular immersion of codimension 1 from X to a smooth scheme P of relative dimension n over S. Further, we may assume that Y I is the closed fiber of a smooth subscheme of P of codimension p. Now the assertion follows from the standard compatibility of the fundamental classes [8] 2.2.2.
We identify Ri
and E −p,q 1 = 0 for q = 2p + 2. Thus the spectral sequence degenerates at E 1 and we obtain an isomorphism
Since the left vertical arrow is also an isomorphism, it is sufficient to show that the diagram is (−1) p+1 -commutative. In other words, it is sufficient to show that the composition
sends 1 to (−1) p+1 -times the fundamental class. It is sufficient to show the commutativity at the generic point of Y I for each subset I ⊂ {1, · · · , m} of cardinality p + 1. Shrinking X, we may assume
, which induces the composition of the last two arrows in (2) .
We identify
, where a 0 * Λ is put on degree 0. By the definition in 2, the map
The lower line is the same as (2) and the upper line is the tensor product of the similarly defined maps. The vertical arrows are the products. By the commutative diagram 1.3 Construction of weight spectral sequences. Let X be a strictly semi-stable scheme of relative dimension n over S = Spec O K as in the previous section. Let C be the abelian category of perverse Λ-sheaves (see [1] .) on YF = XF . In the terminology of perverse sheaves, Corollary 1.6 implies the following.
is a filtration of a perverse sheaf A = RψΛ[n] by sub perverse sheaves.
3. For an integer p ≥ 0, the mapθ : Proof. Since Y (p) is smooth of dimension n − p and a p :
is a perverse sheaf. The assertions follow from this and Corollary 1.6.1 immediately. In the case p = 0, the canonical isomorphism Gr
Proposition 1.11 Let X be a strictly semi-stable scheme of relative dimension n over S = Spec O K . Let T be an element of the inertia group I K such that t ℓ (T ) is a generator of Z ℓ (1).
1. The operator 
compatible with the action of G K . 
Since the monodromy filtration is independent of the choice of T and the canonical isomorphism of Proposition 1.11.2 is compatible with the action of G F , the spectral sequence is compatible with the action of G K . We deduce Proposition 1.11 from the following Lemma. Lemma 1.13 1. ν n+1 = 0 and the kernel filtration (2) is satisfied. The condition (3) is a consequence of the following Lemma for the mapν : Gr
Lemma 1.14 We have a commutative diagram
In the left column, the sheaves i * R n+1 j * Λ(n − p) and i * R n+1 j * Λ(n − p + 1) are put on degree 0.
For later use, we record a corollary of Lemma. 
Proof of Lemma 1.14. By Corollary 1.6.1, it is sufficient to show that the composition ofν :
where R p+1 ψΛ(1) is put on degree p + 1 − n is induced by the multiplication t ℓ (T ) : R p+1 ψΛ → R p+1 ψΛ(1). We use the notation in Lemma 1.7.
′ is induced by the identity R p+1 ψΛ → R p+1 ψΛ, the assertion follows.
One can show that the weight spectral sequence defined in Corollary 1.12 is the same as that defined in [15] as follows. We follow the notation in [10] . It is sufficient to show that the isomorphism Gr W sA → i,j a i * Λ(−j) (3.6.10) loc. cit. is the same as that in Proposition 1.11.2 upto shift. Here sA denotes the simple complex associated to the double complex
1.4 Properties of weight spectral sequences I, pull-back and cycle class. In this subsection, we establish compatibility of the weight spectral sequences with pull-back and product with cycle classes. In the next subsections, we establish the compatiblity with push-forward, the Poincaré duality and actions of algebraic correspondences.
We begin with the functoriality. Let X and X ′ be strictly semi-stable schemes over S and f : X → X ′ be a morphism over S. To formulate the functoriality of weight spectral sequences, we introduce some notations. Let D 1 , . . . , D m be the irreducible components of Y = X F and D
Renumbering if necessary, we assume that the map ϕ is increasing. For a subset I ⊂ {1, . . . , m ′ } and an integer p ′ ≥ p = Card I − 1, we put I I ′ ,p ′ = {I ⊂ {1, . . . , m}| Card I = p ′ + 1 and ϕ induces a surjection I → I ′ }.
For I ∈ I I ′ ,p , the map f induces a map f I ′ I :
They are independent of the choice of numbering. We define maps
Proposition 1.16 Let X and X ′ be strictly semi-stable schemes over S of relative dimension n and n ′ = n − d respectively and f : X → X ′ be a morphism over S. Let 
is a perverse sheaf and the assertion is proved. The rest of the assertion follows from the characterizations, Lemmas 1.2 and 1.3, sincē ν :
are commutative. The commutativity of the first square follows from the commutative diagram
We show the commutativity of the second square. It is reduced to the case p = 0, where it follows from f * [D
. Next, we consider the cup-product with a cohomology class. Proposition 1.18 Let X be a proper and strictly semi-stable scheme over S of relative dimension n and c ∈ H j (X, Λ(k)). Then, the product with c induces a map of spectral sequences
Proof. We consider c as a map Λ → Λ(k) [j] . Taking the tensor product with c, we define a map (A, (
) of quasi-filtered objects ( [17] ). It induces a map of spectral sequences (E p,q 1
). Since the maps on the abutments and the E 1 -terms are induced by c, they are the cup-products with the restrictions of c.
To apply this to an algebraic cycle class on the generic fiber, we utilise the Chern character map from K-groups to Chow groups. Let X be a strictly semi-stable scheme over S. Let K(X) be the Grothendieck group of the category of locally free O X -modules of finite rank and F n K(X) be the γ-filtration on K(X). The map ch : K(X) → CH * (X K ) Q sending the class [E] of a locally free O X -module E to its Chern character (ch i (E)) i is a ring homomorphism. It is compatible with the γ-filtration and induces a homomorphism ch : k Gr
Proof. Since X is regular, the map K(X) → K(X K ) is surjective by [9] Corollary 2.2.7.1. Hence the map Gr * 
, Q ℓ (k)) denote the cycle class map. Corollary 1.20 Let X be a proper and strictly semi-stable scheme over S and
Proof. Since the compositions Gr
, Q ℓ (k)) are the same as the compositions of the map ch k : Gr
with the restrictions, it is sufficient to apply Proposition 1.18 to c = ch k (Γ).
1.5 Properties of weight spectral sequences II, push-forward and duality. In this subsection, we establish the compatiblity with push-forward and the Poincaré duality.
First, we state the compatiblity with push-forward. Let X and X ′ be strictly semistable schemes over S of relative dimension n and n ′ = n − d and let f : X → X ′ be a morphism over S. We recall the definition of the push-forward map. A canonical map Λ(d)[2d] → Rf ! Λ is defined as follows. Let g : X → S and h : X ′ → S be the structure maps. We have g = h • f. By Proposition 1.5.2, the adjoints 
Proposition 1.21 Let X and X ′ be strictly semi-stable schemes over S of relative dimension n and n ′ = n − d respectively and f : X → X ′ be a morphism over S.
and let f F : Y → Y ′ be the map on the closed fibers. Let M • and F • denote the monodromy filtration and the kernel filtration. Then, 1. The objects Rf Proof will be given after the proof of Proposition 1.23 on duality.
Corollary 1.22
Assume further X and X ′ are proper. Then, we have a map of spectral sequence
The right vertical map f * is the push-forward map and the left vertical map is the direct sum of f 
Next, we formulate the compatiblity with the Poincaré duality. Let f : X → S be a strictly semi-stable scheme over S of relative dimension n. Let f Y : Y → Spec F be the closed fiber of f and let r -commutative diagram of isomorphisms
In the diagram, the top horizontal arrow is the canonical map in Proposition 1.11. The bottom horizontal arrow is the composition of its dual with the canonical isomorphism
The left vertical arrow is induced by the canonical map A(n) → D Y A defined above. The right vertical arrow is the direct sum of that induced by the adjoint 
We call it the dual weight spectral sequence. 2. The adjoints of the trace maps induce an isomorphism from the weight spectral sequence to the dual weight spectral sequence
induces an isomorphism of the dual weight spectral sequence in 1 to the dual of the weight spectral sequence
The superscript * denotes the linear dual.
Proof of Corollary 1.24.
2) is an isomorphism. Hence, similarly as in Corollary 1.12, we obtain the spectral sequence.
2. It follows from 1, Proposition 1.23 and the commutative diagram
3. By the definition of the dual weight spectral sequence, it follows form the commutative diagram
Proof of Proposition 1.23. By the definition of the canonical isomorphisms, it is sufficient to show that the diagram
is
First we prove the case q = 0. Let i 0 : Spec F → S be the closed immersion. To prove this case, we construct a commutative diagram
where the upper composition is (−1) p+1 -times the canonical map and the lower composition is (−1)-times the dual of the canonical map. We define the left square to be the direct sum of the commutative diagram (1) in the proof of Lemma 1.8.1.
We define an isomorphism Gr
and the assertion follows. We define the upper right horizontal arrow in the diagram (5) in such a way that the composition of the upper line is (−1) p+1 -times the canonical map. We consider the diagram
The left square is the same as that in Lemma 1.8.3 and hence (−1) p+1 -commutative. The upper line is the definition of the canonical isomorphism. The lower right horizontal arrow is induced by the isomorphism Gr
, the right square is commutative. We define the upper right map in the diagram (5) to be the composition of the lower line of the diagram.
We define the lower right horizontal arrow in the diagram (5) . We identify D Y Gr
As in the proof of Lemma 1.8.2, the spectral sequence E p,q
Letī : SpecF → S ur andj : SpecK → S ur be the canonical maps and let Rψ 0 =ī * 0 Rj 0 * denote the nearby cycle functor for S. We define We show that the right square in (5) is commutative. Since
The middle vertical arrow is also induced by Λ(n)[2n] → Rf ! Λ. The both right horizontal arrows are defined by the spectral sequences constructed in the same way. Hence the right square is commutative.
We reduce the general case to the case q = 0. Since the adjoint of T on
is commutative. Hence the assertion follows from Corollary 1.15 inductively. Proof of Proposition 1.21. 1. As in the proof of Proposition 1.16.1, it is reduced to show that Rf
it is a perverse sheaf. 2. By biduality, the definition of the canonical map and the formula Rf
is commutative. To prove this, we show the following two diagrams are commutative. One is
The left vertical arrow is the pull-back map and the horizontal arrows are (−1) p+q -times those induced by the adjoints of the trace maps as in the diagram (4). The other
The left vertical arrow is the pull-back map and the horizontal arrows are induced by the canonical maps
We show the two diagrams are commutative. To show the first, by replacing p + q by p, we may assume q = 0. We identify D Y a p * Λ = RHom(a p * Λ,
By the definition of the canonical map f *
is commutative. This implies that the first diagram is commutative. For the second diagram, we consider the diagram 
. By the commutativity of the above two diagrams, the commutativity of the diagram (6) is reduced to the commutativity of the diagrams in the proof of Proposition 1.16.2 and the diagram (3) in the proof of Proposition 1.23.2 for X and X ′ .
1.6 Properties of weight spectral sequences III, algebraic correspondences. We establish the functoriality for algebraic correspondences. As a preliminary, we construct a resolution of the product of strictly semi-stable schemes. 
Admitting Lemma 1.25, we state and prove the compatiblity with algebraic correspondences. For integers p, k ≥ 0, we define a map ch
with the projections. For subsets I ⊂ ∆ and I ′ ⊂ ∆ ′ with Card I = Card I ′ = p + 1, let I ∧ I ′ ⊂ ∆ ′′ be the graph of the increasing bijection I → I ′ and we put Y
Proposition 1.26 Let X and X ′ be proper and strictly semi-stable schemes over S of relative dimension n and n
′ be the blow-up as in Lemma 1.25 and a ∈ F k K(X ′′ ) Q be an element in the k-th γ-filtration such that Γ = ch k (a|
) Q be the element defined above. Then, for Λ = Q ℓ , we have a map of weight spectral sequences
and, for p ≥ 0, the mapΓ
Hence the assertion follows from Corollaries 1.17, 1.22 and 1.20.
Proof of Lemma 1.25. 1. We put
Since the question is Zariski local on X and on X ′ , we may assume X and X ′ are smooth over Spec A m and Spec A m ′ respectively. Further, it is reduced to the case where X = Spec A m and
Hence it is sufficient to show that U ǫ are strictly semi-stable over S.
We show this by using monoids.
. We use the multiplicative notation to denote the operation in M. For i ∈ ∆ = {1, . . . , m} and i 
To show this, we consider total preorders on the set ∆ + = {0} (∆ × {1}) (∆ ′ × {2}). As an equivalent notion, we consider the set Γ of functions g : ∆ + → {0, . . . , k} for k ∈ N satisfying the following properties (1)-(3).
(
. We complete the proof of 1. For ǫ ∈ E, we define g ǫ ∈ Γ to be the universal one satisfying the condition
More precisely, g ǫ : ∆ + → {0, . . . , k} satisfies (ǫ) and, if g :
Then we have M ǫ = M gǫ and the assertion follows.
2. To describe X ′′ globally, we introduce a cone decomposition of the dual monoid
′′ as a subset of N. The monoid N is generated by ∆ ′′ . Let Σ be the set of totally ordered subsets of ∆ ′′ and call an element σ ∈ Σ a face of ∆ ′′ .
Lemma 1.27 For a face σ ∈ Σ, let N σ ⊂ N be the submonoid generated by f ii ′ for (i, i ′ ) ∈ σ. Then the family (N σ ) σ∈Σ is a regular proper subdivision of N. Namely the following conditions (1)-(6) are satisfied.
For σ ∈ Σ, the monoid N σ is isomorphic to N r for some r ≥ 0.
Proof of Lemma. The condition (2) is clear from the definition. Let s :
. Then ∆ ′′ = {f ∈ N|s(f ) = 1} and the condition (1) follows. It also follows from this that, for σ ∈ Σ, the map N σ → N σ sending the standard basis e (i,i ′ ) to f ii ′ is an isomorphism. The conditions (3), (4) and (6) easily follow from this. To show the condition (5), we define a bijection Σ → Γ : σ → g σ satisfying N σ = M * gσ = {f ∈ N|f (x) ≥ 0 if x ∈ M gσ }. For σ ∈ Σ, we put k = Card σ and define a map g σ :
Then σ g is a face of ∆ ′′ . The maps thus defined are the inverse of each other.
We show N σ = M * g for g ∈ Γ and σ = σ g ∈ Σ. We identify N with the monoid {(a 1 , . . . , a m , b 1 
Hence it is equal to N σ . The condition (5) follows from this immediatly.
We go back to the proof of 2. We show that X ′′ is identified with the blow-up of (X × S X ′ ) defined by the cone decomposition Σ. Let U ⊂ X and U ′ ⊂ X ′ be open subschemes and assume that the divisors D i ∩ U and D ′ i ′ ∩ U ′ are defined by t i and t
Hence the assertion follows.
We complete the proof of 2. To prove Theorem 0.1, we apply the following theorem on alteration.
Lemma 2.2 ([2] Theorem 5.9) Let K be a local field and X K be a proper scheme over K. Then there exist a finite normal extension L of K, a strictly semi-stable and projective scheme W over the integer ring O L and a proper, surjective and generically finite morphism f : W L → X K over K.
Proof of Theorem 0.1. Since Tr (Γ * • σ * : H * (XK , Q ℓ )) is in Z ℓ , it is sufficient to show that Tr (Γ * • σ * : H * (XK , Q ℓ )) is a rational number independent of ℓ. First we prove the case n(σ) ≥ 0, where n(σ) is the integer such that the image of σ by
) Q be as in Lemma 2.1. By Lemma 2.1, it is sufficient to show that Tr (Γ * σ • σ * : H * (WL, Q ℓ )) is a rational number independent of ℓ. Let E be the residue field of L and V = W E be the closed fiber. We identify the closed fiber Vσ = W σ,E with the base change V × E E by the mapσ : E → E induced by σ. (1)- (3) is satisfied, the trace Tr(Γ * • σ * : H r (XK, Q ℓ )) is in Z[1/q] and is independent of ℓ.
(1) r ≤ 1.
(2) X K is an abelian variety. (3) There exists an algebraic correspondence Γ r ∈ CH n (X K × X K ) Q such that Γ * r on H s (XK, Q ℓ ) is the identity if s = r and 0 if s = r.
Proof. Since the trace Tr(Γ * • σ * : H r (XK , Q ℓ )) is in Z ℓ , it is sufficient to show that it is in Q and is independent of ℓ. If the condition (3) is satisfied, it is sufficient to apply Theorem 0.1 to the composition Γ r Γ. If X K is an abelian variety, the condition (3) is satisfied and the case (2) is reduced to the case (3). We reduce the case (1) to the case (2) . Since the case r = 0 is clear, we may assume r = 1.
We assume r = 1 and reduce it to the case where X K is an abelian variety. We may assume X K is connected. Let L = Γ(X K , O) be the constant field of X K . It is a finite separable extension of K. Let A L be the Albanese variety of the variety X K over L and let A ′ K = Res L/K A L be the Weil restriction. We identify H 1 (XL, Q ℓ ) with H 1 (AL, Q ℓ ) and H 1 (XK , Q ℓ ) = Ind
We will define an endomorphism f of an abelian variety A K such that the endomorphism Γ * of H 1 (XK , Q ℓ ) is identified with the endomorphism f * on H 1 (AK, Q ℓ ). Applying Lemma 2.2 to a closed subscheme of X K × K X K , we may assume that there exists a proper smooth scheme W K of dimension n and morphisms p 1 , p 2 :
Let M ⊃ L be the constant field of W K . Replacing K by a purely inseparable extension of K, we may assume M is a separable extension of K. Let B M be the Albanese variety of the variety W K over M and B 
